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1. Introduction
Let E be a real Banach space and let J denote the normalized duality mapping from E into 2E
∗
given by
J(x) = {f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖f ‖2}, x ∈ E,
where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized duality pairing. In the sequel, we denote a single-
valued normalized duality mapping by j. Throughout this work, we use F(T ) to denote the set of fixed points of themapping
T .→ denotes strong convergence. Let K be a nonempty subset of E. For a given sequence {xn} ⊂ K , let ωw(xn) denote the
weak ω-limit set.
Recall that a mapping T : K → K is said to be nonexpansive if
‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ K .
T is said to be strictly pseudocontractive in the terminology of Browder and Petryshyn [1] if there exist λ > 0 and
j(x− y) ∈ J(x− y) such that
〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2 − λ‖x− y− (Tx− Ty)‖2, ∀x, y ∈ K .
Without loss of generality, wemay assume that λ ∈ (0, 12 ). T is said to be strongly pseudocontractive if there exist k ∈ (0, 1)
and j(x− y) ∈ J(x− y) such that
〈Tx− Ty, j(x− y)〉 ≤ k‖x− y‖2, ∀x, y ∈ K .
T is said to be pseudocontractive if there exists j(x− y) ∈ J(x− y) such that
〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2, ∀x, y ∈ K . (1.1)
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It is well known that [2,3] (1.1) is equivalent to the following:
‖x− y‖ ≤ ‖x− y− s[(I − T )x− (I − T )y]‖, ∀s > 0. (1.2)
In 1974, Deimling [4] proved the following well-known fixed point theorem.
Theorem D. Let E be a Banach space, K a nonempty closed and convex subset of E and T : K → K a continuous and strong
pseudocontraction. Then T has a unique fixed point in K .
Recall that a one-parameter family T := {T (t) : t ≥ 0} is said to be a strongly continuous semigroup of Lipschitz
pseudocontractions from K into itself if the following conditions are satisfied:
(i) T (0)x = x for each x ∈ K ;
(ii) T (s+ t)x = T (s)T (t)x for all s, t ≥ 0 and x ∈ K ;
(iii) for each x ∈ K , the mapping T (·)x from [0,∞) into K is continuous;
(iv) for each t > 0, there exists j(x− y) ∈ J(x− y) such that
〈T (t)x− T (t)y, j(x− y)〉 ≤ ‖x− y‖2, ∀x, y ∈ K ;
(v) for each t > 0, there exists a bounded measurable function L(t) : (0,∞)→ [0,∞) such that
‖T (t)x− T (t)y‖ ≤ L(t)‖x− y‖, ∀x, y ∈ K .
Recently, the problems of convergence of an implicit iterative algorithm to a common fixed point for a family of
nonexpansive mappings and its extensions to Hilbert spaces or Banach spaces have been considered by several authors;
see [5–11] for more details.
In 2001, Xu and Ori [9] introduced the following implicit iteration algorithm for treating a finite family of nonexpansive
mappings {T1, T2, . . . , TN}with {αn} a real sequence in (0, 1) and an initial point x0 ∈ K :
x1 = α1x0 + (1− α1)T1x1,
x2 = α2x1 + (1− α2)T2x2,
· · ·
xN = αNxN−1 + (1− αN)TNxN ,
xN+1 = αN+1xN + (1− αN+1)T1xN+1,
· · ·
which can written in the following compact form:
xn = αnxn−1 + (1− αn)Tnxn, ∀n ≥ 1, (1.3)
where Tn = Tn(modN) (here mod N takes values in {1, 2, . . . ,N}).
Xu and Ori [9] proved theorems of weak convergence of this iterative algorithm to a common fixed point for the finite
family of nonexpansive mappings in a Hilbert space. Osilike [7] improved the results of Xu and Ori [9] from nonexpansive
mappings to strict pseudocontractions in the framework of Hilbert spaces.
For every u ∈ K and t ∈ (0, 1), define a mapping St : K → K by
Stx = tu+ (1− t)Tx, ∀x ∈ K ,
where T : K → K is a continuous pseudocontraction. We see that St is a continuous strong pseudocontraction. Indeed, for
every x, y ∈ K , we have
〈Stx− Sty, j(x− y)〉 = (1− t)〈Tx− Ty, j(x− y)〉 ≤ (1− t)‖x− y‖2.
By Theorem D, we see that there exists a unique fixed point xt ∈ K of St . That is,
xt = tu+ (1− t)Txt , ∀t ∈ (0, 1). (1.4)
Recently, Zhou [10] considered the implicit iterative algorithm (1.3) for treating Lipschitz pseudocontractions in the
framework of Banach spaces. Weak convergence theorems are established.
Note that, from the viewpoint of computation, the implicit iterative algorithm (1.3) if often impractical since, for each
step, we must solve a nonlinear operator equation. Therefore, one of the interesting and important problems in the theory
for implicit iterative algorithms is to consider the iterative algorithm with errors. That is an efficient iterative algorithm for
approximately computing the fixed point for nonlinear mappings.
Recently, Hao [6] considered the following iterative algorithm for treating a family of Lipschitz pseudocontractions
{T1, T2, . . . , TN} in a Banach space:
x0 ∈ K , xn = αnxn−1 + βnTnxn + γnun, ∀n ≥ 1, (1.5)
where {αn}, {βn} and {γn} are three sequences in (0, 1) such that αn + βn + γn = 1 and {un} is a bounded sequence in K .
Theorems of weak convergence to common fixed points are established in a uniformly convex Banach space.
In this work, motivated by recent work going in this direction, we consider the weak convergence of a implicit iterative
algorithm for treating strongly continuous semigroups of Lipschitz pseudocontractions in a reflexive Banach space. The
results presented in this work mainly improve the corresponding results announced in [5–7,9–11].
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2. Preliminaries
Let E be a Banach space. E is said to satisfy Opial’s condition [12] if, for each sequence {xn} in E, the convergence xn → x
weakly implies that
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖, ∀y ∈ E(y 6= x).
Recall that a mapping T : K → K is said to be demiclosed at the origin if, for each sequence {xn} in K , the convergences
xn → x0 weakly and Txn → 0 strongly imply Tx0 = 0.
In order to prove our main results, we need the following lemmas.
Lemma 2.1 ([11]). Let E be a real reflexive Banach space which satisfies Opial’s condition. Let K be a nonempty closed convex
subset of E and T : K → K be a continuous pseudocontractive mapping. Then, I − T is demiclosed at zero.
3. Main results
Theorem 3.1. Let E be a reflexive Banach space which satisfies Opial’s condition and K a nonempty closed convex subset of
E. Let T := {T (t) : t ≥ 0} be a strongly continuous semigroup of Lipschitz pseudocontractions from K into itself with
F := ∩t≥0 F(T (t)) 6= ∅. Assume that supt≥0{L(t)} <∞, where L(t) is the Lipschitz constant of the mapping T (t). Let {xn} be a
sequence generated by the following iterative process:
x0 ∈ K , xn = αnxn−1 + βnT (tn)xn + γnun, ∀n ≥ 1, (3.1)
where {αn}, {βn} and {γn} are sequences in (0, 1), {tn} is a sequence in (0,∞) and {un} is a bounded sequence in K . Assume that
the following conditions are satisfied:
(a) αn + βn + γn = 1,∀n ≥ 1;
(b) limn→∞ tn = limn→∞ αn+γntn = 0.
Then the sequence {xn} generated in (3.1) converges weakly to a common fixed point of the semigroup T := {T (t) : t ≥ 0}.
Proof. First, we show that {xn} is well defined. For each n ≥ 1, define a mapping Sn : K → K by
Snx = αnxn−1 + βnT (tn)x+ γnun, ∀x ∈ K .
We see that Sn is a continuous strong pseudocontraction for each n ≥ 1. Indeed, for every x, y ∈ K , we have
〈Snx− Sny, j(x− y)〉 = βn〈T (tn)x− T (tn)y, j(x− y)〉 ≤ βn‖x− y‖2.
By Theorem D, we see that there exists a unique fixed point xn for each n ≥ 1 such that
xn = αnxn−1 + βnT (tn)xn + γnun.
That is, the sequence {xn} is well defined. Fixing p ∈ F := ∩t≥0 F(T (t)), we have
‖xn − p‖ ≤ max{‖x0 − p‖,M1}, ∀n ≥ 0, (3.2)
whereM1 is an appropriate constant such thatM1 ≥ supn≥1{‖un− p‖}. Indeed, (3.2) is obvious for n = 0. Assume that (3.2)
holds for n = k, where k is some positive integer. Next, we prove that (3.2) holds for n = k+ 1. Note that
‖xk+1 − p‖2 = 〈αk+1xk + βk+1T (tk+1)xk+1 + γk+1uk+1 − p, j(xk+1 − p)〉
= αk+1〈xk − p, j(xk+1 − p)〉 + βk+1〈T (tk+1)xk+1 − p, j(xk+1 − p)〉 + γk+1〈uk+1 − p, j(xk+1 − p)〉
≤ αk+1‖xk − p‖ ‖xk+1 − p‖ + βk+1‖xk+1 − p‖2 + γk+1‖uk+1 − p‖ ‖xk+1 − p‖.
It follows that
‖xk+1 − p‖ ≤ αk+1
αk+1 + γk+1 ‖xk − p‖ +
γk+1
αk+1 + γk+1 ‖uk+1 − p‖
≤ max{‖x0 − p‖,M1}.
This shows that the sequence {xn} is bounded. Next, we show that
lim
n→∞ ‖xn − T (t)xn‖ = 0, ∀t ≥ 0. (3.3)
Put M2 = supt>0 L(t). From the assumption, we see that M2 < ∞. Since the sequence {xn} is bounded, we have that the
sequence {T (tn)xn} is also bounded. Indeed,
‖T (tn)xn − p‖ ≤ L(tn)‖xn − p‖ ≤ M2max{‖x0 − p‖,M1}.
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Put
M3 = max
{
sup
n≥1
{‖xn−1 − T (tn)xn‖}, sup
n≥1
{‖un − T (tn)xn‖}
}
<∞.
Under the assumption that T := {T (t) : t ≥ 0} is a strongly continuous semigroup of Lipschitz pseudocontractions, for
each given t > 0, we see from the condition (b) that
‖T (t)xn − xn‖ ≤
[
t
tn
]
−1∑
k=0
‖T ((k+ 1)tn)xn − T (ktn)xn‖ +
∥∥∥∥T ([ ttn
]
tn
)
xn − T (t)xn
∥∥∥∥
=
[
t
tn
]
−1∑
k=0
‖T (ktn)T (tn)xn − T (ktn)xn‖ +
∥∥∥∥T ([ ttn
]
tn
)
xn − T (t)xn
∥∥∥∥
≤
[
t
tn
]
−1∑
k=0
L(ktn)‖T (tn)xn − xn‖ + L
([
t
tn
]
tn
)∥∥∥∥xn − T (t − [ ttn
]
tn
)
xn
∥∥∥∥
≤
[
t
tn
]
M2‖T (tn)xn − xn‖ +M2
∥∥∥∥xn − T (t − [ ttn
]
tn
)
xn
∥∥∥∥
≤ M2
(
t
tn
‖T (tn)xn − xn‖ + max
0≤s≤tn
‖xn − T (s)xn‖
)
≤ M2
(
t
tn
(αn‖xn−1 − T (tn)xn‖ + γn‖un − T (tn)xn‖)+ max
0≤s≤tn
‖xn − T (s)xn‖
)
≤ M2
(
tM3
αn + γn
tn
+ max
0≤s≤tn
‖xn − T (s)xn‖
)
→ 0 as n→∞,
where
[
t
tn
]
is a nonnegative integer not greater than ttn . Since E is reflexive and {xn} is bounded, we can conclude from
Lemma 2.1 that ωw(xn) ⊂ F := ∩t≥0 F(T (t)). On the other hand, since the space E satisfies Opial’s condition, we see that
ωw(xn) is a singleton. This completes the proof. 
Remark 3.2. Theorem3.1,which includes the corresponding results announced in [5–7,9–11] as special cases, is established
for in more general reflexive Banach spaces instead of uniformly convex Banach spaces.
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